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F o r m u l a s  a r e  ob ta ined  by  so lv ing  a ~%vo d i m e n s i o n a l  b o u n d a r y - v a l u e  p r o b l e m  of s t a t i o n a r y  
hea t  conduc t ion ,  which  enab l e  o n e  to f ind an e s t i m a t e  of the  w e a k e n i n g  of hea t  i n su l a t i on  of 
of l a y e r  by  a r e c t a n g u l a r  c u t - o u t .  

The w e a k e n i n g  of the  hea t  s h i e l d i n g  p r o p e r t i e s  of a l a y e r  due to the p r e s e n c e  of v a r i o u s  c u t - o u t s  can 
be  d e s c r i b e d  by the r a t i o  m =q/qo  of conduc t ion  h e a t  f l u x e s ,  in the p r e s e n c e  or  a b s e n c e  of a c u t - o u t .  The 
va lue  of m is  found in the c a s e  of r e c t a n g u l a r  c u t - o u t .  

F o r  e x a m p l e ,  l e t  t h e r e  be a r e c t a n g u l a r  c u t - o u t  in an in f in i te  s t r i p  of u n i f o r m  l a y e r  a d j o i n i n g  one of 
i t s  b o u n d a r i e s  (F ig .  l a ) ,  and l e t  the  t e m p e r a t u r e  on the l a y e r  b o u n d a r i e s  be  cons t an t  (t =O on the  b o u n d a r y  
A ' M '  and t = t  0 on the b o u n d a r y  AM) .  F o r  t h e s e  s t a t i o n a r y  cond i t ions  one has  a b o u n d a r y - v a l u e  p r o b l e m  for  
the L a p l a c e ' s  equa t ion  with  b o u n d a r y  cond i t ions  of the  f i r s t  kind [1]: 

A w ( z ) = 0 ;  R e w = {  0, z E A ' M ' ,  
t o, z C AM.  (1) 

In the  above  w(z) =t  +i~b i s  the c o m p l e x  hea t  po t en t i a l ;  z =x +iy;  ~0 (z) is  the  h e a t - s t r e a m  func t ion .  

The above  p r o b l e m  can be r e d u c e d  by  c o n f o r m a l  m a p p i n g  to  the  D i r i c h l e t  p r o b l e m  in the u p p e r  h a l f -  
p lane  of the  v a r i a b l e  g =~ +i~). If  the  l a y e r  b o u n d a r y  i s  m a p p e d  into the r e a l  ~ a x i s  and the po in t s  z =0;  +.o; 
|c  (F ig .  l a )  a r e  m a p p e d i n t o  the  po in t s  ~ = 0; 1; +~ (F ig .  lb)  then  by  the Sc hw a rz  f o r m u l a  one ob ta ins  

1 ~ t (~ )d~  t~ In ~ 1 w = - -  " - -  (2) 
.~i ,] ~ - - ~  ni ~ + 1 

The h e a t  f lux  which  p a s s e s  t h rough  the  p o r t i o n  R T  of the u p p e r  b o u n d a r y  of the  l a y e r  in the  uni t  of 

t i m e  i s q = - - k  
)~T RT 

p o r t i o n  is  q =q0 = -  2~t0a/h .  T h e r e f o r e  

1 1 1 
m = - -  arcth ~o = - -  arsh - -  

cz - a ]/~-~--1 ' 

w h e r e  ~0>1 i s  the  i m a g e  of the  end po in t  T;  ~ =Tra/2h. 

To find ~ 0 one u s e s  the  S c h w a r z - C h r i s t o f f e l  f o r m u l a  [2] fo r  the  m a p p i n g  funct ion:  

a z  = C ~2 _ _  s2 d ~  

2h ,; . - -  
0 

w h e r e  s and p a r e  p a r a m e t e r s  and C = ] ( 1 - - p 2 ) / ( 1  - - s 2 i s  the m a p p i n g  c o n s t a n t .  
of s ign  of the  s q u a r e  r o o t  in (4) on d i f f e r e n t  p o r t i o n s  of the r e a l  ~ a x i s  one has  

o j_t ? 
dx = - -  L ~ de  ~ - -  2Z, (t0) I f  t h e r e  i s  no c u t -ou t  then the hea t  f low th rough  tha t  @ . . 

(3) 

(4) 

B e a r i n g  in mind  the change 
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Fig.  1. The region of the uniform layer  (a) weakened by a r ec t an -  
gular cut-out  and the corresponding region in the plane of the pa ra -  
me t r i c  var iable  {b). 
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The elliptic integrals in (5) can be brought to their standard form by respective substitutions: ~ =s/; ~ = 
~{p2 --/2(p2 -- s2). Then 

(5) 

y = . . . .  ( E ' - - K ' I F ~ ;  k) p C~- ,2  ' i - - P  2 ; k '  - - K "  ~ . 

- -  K ' E  (~; k) - - C k s K .  (7) 
Here  and below K; K'; F(~; k); E; E ' ;  E(~; k); II(r n; k) is t h e  genera l ly  adopted notation for complete 

and incomplete el l iptic integ-rals of the f i r s t ,  second, and third kinds [4] (the pr ime  indicates that the in- 
t egra l  is taken over the complementary  module k' =4"~'--~); k = s / p ;  ~c =arcs in  p. 

The re la t ions  (6) and (7) a re  now multiplied by K' and K, respec t ive ly ,  and the resu l t s  a re  added.  
Hence by using the Legendre  relat ion [3] one obtains 

p = sn(u; k); u =  F(% k) = hb g '  q--~-K,' d 

E (% k) = CkO-p + t e d  - -  b (E'  - -  K ' ) l /h .  (8) 

To find the value ~ 0 =p/s in0  cale exp re s se s  the length of the portion under considerat ion in t e rms  of 
the p a r a m e t e r s  p and s by using (4): 

~o 
~ : C ~ "  / ~ 2 _ _ s ~  d~ _ C IF(0; k) 

2 V  

- -  ~1 - -  s ~-)/7 (o; - -  s"~; k) ]  + g (~o), ( 9 )  

V Z ~ ,  ( 1 - p~) ( 1 - s ~) 
g (~o) = arth (~ - -  p~) (~ - -  s') 

For p~-i one has (K'/K~o/b) a ~fl +g(~ 0), ~ 2=1/2~ +~/b{2 --2P 282), ~ =p2 +s 2 +(1 _p2) (I -- s2)cth2~ --fl). 
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Fig.  2. A portion of a uniform layer  (a) weakened by a per iodic  se -  
quence of s l i t - l ike  cut-outs  and the region in the plane of the p a r a -  
me t r i c  var iable  corresponding to (b). 
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TABLE 1. Weakening of the Heat  Shielding P r o p e r t i e s  of a Laye r  
Depending on Geomet r i c  P a r a m e t e r s  a/h and d/h of a Rectangular  
Cut-Out 

a/h 

d/h 

mo by formula (10) 

mo by formula (20) 

]/3 

1,140 

1,239 

l/3 

0,5 0,8 

1,362 2,558 i 

1,547 I 2,660 

0,5 

1/3 0,5 0,8 

,125 1,317 2,236 
,180 1,415 2,429 

~/3 

1,085 

1,092 

1 

0,5 0,8 

1,207 1,722 

1,219 1,746 

In the case  of b - - 0  ( s ~ 0 ;  k - - 0 )  when the cut-out approaches  a slit  the fo rmulas  (8)-(9) s impl i fy  to 

1 - - p  
p ----- sin y; ~ = a r t h  ~__p~ ; ~o =V-P2+(1--P~) cth~a" 

In accordance  with (3) one obtains for the case  b =0, 

1 ( s h a  / -  
m = m  0 = -~- arsh \ ~ , '  (lO) 

If, in accordance  with the formula  (10), the inhomogeneity of the t he rma l  field on the boundar ies  of 
the cut-out  is taken into account and the heat  flux d i rec t ly  above the cut-out  is considered as  uniform (qSN = 
--2Xt0b/c ) then for the ent i re  RT port ion of the upper  boundary of the layer  one has approx imate ly  

m -- + I - -  mo. (11) 
* a c  

Car ry ing  out the calculat ions with the aid of tables  in [4] and using the fo rmulas  (4)-(9) for d /h  = 
0.835; a/h=0.36; b / h = 0 . 0 3 6  (to which there  co r re sponds  k2=0.31;  ~p=80~ 0 =70 ~ ) r e su l t s  in ~0=1.05 and 
m =3.292 whereas  by using the approx imate  formula  (11) one finds that the es t imate  is equal to m = 3.092. 

If the insulating layer  has seve ra l  cut-outs ,  the weakening can be es t imated  in this case by using 
the formula  (11). However ,  the effect  of the neighboring cut-outs  should be taken into account .  

Let  us  a s s u m e  that there  is a per iodic  sequence of s l i t - l ike  cut -outs  positioned on the side of the 
lower boundary of the l ayer ,  the step being 2 a .  It  suff ices to consider  the the rma l  field oll a port ion with 
a single cut-out  (Fig. 2a) since the boundary l ines AA' and MM' for  this port ion a r e  the l ines of the heat  
f lux. The region A'ABGLMM' (Fig. 2a) is mapped on the upper  half -plane of the var iable  ~ (Fig. 2b). 

By us ing  the S c h w a r z - C h r i s t o f f e l  fo rmula  one obtains 

z -- (a + ih) = C1 f ~d; CxF (r k) 
. V ( ; 2 - - r  ~ ) ( ~ z _ p 2 ) ( ~ _  I) V I - p 2  ' (12) 
1 

where  k 2 = (r 2 --p2)/(1 _p2);  ~p=arcsin ~c; ~c 2 = g 2 _  1) /g2 _ r2 ) ;  Ci =const .  

The point z =ih is mapped into ~ = + ~  (~=1), that is ,  a = - - C 1 K / l ~ - ~ p 2 .  There fore ,  

( 1 +  ih--z ) ~ F(~, k). (13) 

The formula  (13) is now inverted and subsequent  t r ans fo rma t ions  a re  exp res sed  in t e r m s  of the Jacobi  e l -  
l iptic functions; this r e s u l t s  in 

•  ih--Z )K; k] (14) 

The condition (14) is sat isf ied at  the point z =a ~ =r; x = + ~ ) i f h / a  =K'/K. Then 

a k 
(15) 
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Hence by taking into account  the cor respondence  between the points z =id and ~ = 0 ( ~ = l / r )  and by using the 
Jacobi  imag ina ry  mapping [3] one obtains 

I f  one employs  (16) and t r a n s f o r m s  (15) the mapping  function can be r e p r e s e n t e d  in the fo rm 

Hence,  since z =0 and ~ =p a re  the cor responding  points one has 

(17) 

Since the mapping  p a r a m e t e r s  p and r a r e  now known, the solution can be calculated with the aid of 
the K e l d y s h - S e d o v  fo rmu la s  [2] for a mixed p rob lem in the upper  ha l f -p lane .  I t  is ,  however ,  m o r e  con-  
venient  to consider  the complex-poten t ia l  plane w in which a rec tangle  with the s ides ~ and i~ 2 co r re sponds  
to the por t ions  under  cons ide ra t ion .  The l a te ra l  s ides of this rec tang le  a r e  l ines of the the rma l  s t r eam;  
the upper  and lower s ides  cor responding  to the l ayer  boundar ies  for  that port ion a r e  i so the rms  (t=0,  t=t0):  
q =--2kt0(a~/~2). The rec tangle  with the s ides ~1 and iw 2 canbe  r ega rded  as  a uni form portion of the layer  
which as  r e g a r d s  t he rma l  r e s i s t a n c e  is equivalent to the original  port ion with a cut-out  in the z plane.  
The mapp ingof  this rec tang le  into the upper  halfplane (Fig. 2b) is known [2]: 

In the  above C 2 =ko=r; 

[ ~1 

~1 K (r) 
(% K' (r) (19) 

Thus the weakening of the l ayer  by s l i t - l ike  cut-out  with the neighboring cut -outs  taken into account is 
given by 

hK (r) 
f f l  0 - -  _ _  , 

aK' (r) (2 O) 

where  r is given by the formula  (16); f o r  d / h = 0 . 5  one has r =~l~. 

In Tab l e  1 the r e s u l t s  a r e  given of calculat ions of m 0 ca r r i ed  out with the aid of tables  given in [5] 
by the fo rmula  (10) and (20), that is ,  with or without the neighboring cut-outs  taken into account .  

Thus,  for  a /h>  0.5 and d /h  < 0.8 one can use  the formula  (10) with an e r r o r  which is l ess  than 10% 
when m 0 is calculated for a l ayer  weakened by seve ra l  r ec tangu la r  cu t -ou t s .  

NOTATION 

t, temperature; q, heat flow; b, c, d, h, geometric dimensions of cut-out; 2a, width of layer portion 
under  considerat ion;  ~., coefficient  of heat  conduction. 
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